We explain how certain well-known properties of perturbatively renormalizable superstring vacua, such as the 4d electric-magnetic duality symmetries and the disconnectedness of the 4d moduli spaces, can arise from the different multiple-scaled large N limits of a single matrix Lagrangian. We address the physical implications of the disconnectedness of the CHL moduli spaces, and the significance of the matrix re-unification. We assess the role of the electric-magnetic-dual global symmetry algebra within the framework of our proposal for nonperturbative String/M theory, raising the question of whether our goal should be a duality covariant, or merely a duality invariant, nonperturbative formulation.
Introduction
Understanding the symmetry principles and the fundamental degrees of freedom in terms of which nonperturbative String/M theory is formulated is a problem of outstanding importance in theoretical high energy physics. In this paper, we will give an illustration of how certain well-known properties of perturbative superstring theory vacua, such as the appearance of 4d electric-magnetic duality symmetries [13, 14, 30] and the disconnectedness of the 4d moduli spaces [54, 47, 50] , can emerge from the large N limits of the conjectured matrix formulation for nonperturbative String/M theory proposed by us in [1, 8] . 2 A description of the matrix framework can be found in [1, 8] ; let us clarify some of the motivation. Perturbative string theory in flat spacetime backgrounds is known to be exactly renormalizable [29, 30] . The ultraviolet cutoff, m s = α ′−1/2 , can be taken to infinity, and the mathematical framework of weakly-coupled string theory is reliable to arbitrarily short distances. There is no evidence of quantum corrections to the flat spacetime background geometry; the so-called, semi-classical ground state is the quantum ground state. Assuming that the supersymmetry breaking scale in Nature is far below the string scale, we then have a perfectly good unification of quantum gravity and the supersymmetric Standard Model of astro-particle physics and cosmology. Strong-weak coupling dualities have, in many cases, enabled us to gain considerable insight into strongly coupling physics [13, 14, 54, 60, 62, 57, 69, 70, 50] . So why do we need to go beyond?
The motivation for developing a pre-geometric formulation for nonperturbative string/M theory is not because of any evidence for a breakdown of continuum spacetime at short distances, not for any shortcomings of the string theoretic description, and not wholly because we need to understand strong coupling and nonperturbative physics better. The essential reason is that perturbative string theory is inherently background dependent: it violates the essence of Einstein's theory of relativity because it separates the description of matter and interactions, both of which are strings at weak coupling, from the description of the continuum target spacetime in which they exist. In the absence of a nonperturbative formulation in which both target spacetime geometry, and matter and interactions, emerge on equal footing, this fundamental gap in our understanding would remain even if we had a handle on strong coupling physics. This is the basic motivation for what we have called a fundamental theory of emergent spacetime geometry [8] .
It is important to distinguish the concept of emergent geometry as introduced by us [1, 8] from the set of ideas usually called quantum geometry. In our notion of a fundamental theory of emergent geometry based on zero-dimensional matrices, there is no underlying classical continuum manifold upon which we build nontrivial metrics out of quantum gravitational effects: loop quantum general relativity, branched polymer models, or quantum spacetime foam, all assume a continuum classical scaffolding [35] . Nor is emergent geometry a latticization of a background spacetime geometry.
We begin with a Lagrangian of zero dimensional matrices, and a symmetry algebra extending far beyond the usual U(N). Spacetime itself, and the target space Lagrangians of perturbatively renormalizable and anomaly-free superstring theories, emerge from the myriad large N limits of this matrix Lagrangian. Each large N limit is a quantum ground state of the fundamental theory, and its global symmetry algebra originates in the symmetries of the matrix Lagrangian. From the perspective of quantum cosmology [72] , the large N ground states of the matrix Lagrangian are the quantum states of the Universe, and each quantum state comes with its individual set of initial conditions. In this paper, we will examine how some well-known properties of perturbatively renormalizable string theories, such as electric-magnetic dualities and the disconnectedness of the moduli spaces, arise in the quantum states of the matrix formulation.
Any viable proposal for nonperturbative String/M theory must incorporate electric-magnetic duality symmetries [13, 14, 30] . Let us begin by examining the evidence for an eleven dimensional origin for duality. This is a key assumption made in most discussions of the Duality Web of String/M theory and its global symmetry algebra, usually also assumed to be the source of the electricmagnetic dualities that can become manifest in lower spacetime dimensions. Electric-magnetic duality in D spacetime dimensions interchanges an electrically charged pbrane with a magnetically charged (d−p−4)brane, respectively, sources for a pair of dual rank (p+2) and rank (d−p−2) field strengths. The ten-dimensional perturbatively renormalizable and anomaly-free type II superstring theories contain a full spectrum of such pbranes, with p in the range: −1 ≤ p ≤ 9, covering Dinstantons thru D9branes [15] . This raises the following puzzle. By a generalization of the Dirac quantization condition for electric and magnetic point charges in four spacetime dimensions, one would expect that the product of the quantum of charge for a Dpbrane, and that of its d-dimensional Poincare dual D(d-p-4)brane, satisfies the relation:
The spectrum of values for p listed above does not cover all of the expected charges in ten dimensions: we are missing a D(-2)brane and a D(-3)brane, the 10d Poincare duals of the D8brane and D9brane, respectively. This is especially puzzling because, in a groundbreaking work [15] , Polchinski had shown that the quantum of Dpbrane charge could be computed from first principles using the worldsheet formalism of weakly coupled perturbative string theory, predicting also that the value of n in the Dirac quantization relation is unity. Thus, although we were expecting to find evidence for electric-magnetic duality in the full Dpbrane spectrum we appear, instead, to have found a clash with Poincare-Hodge duality in ten target spacetime dimensions.
There is a simple resolution to this puzzle, and it brings with it the key insight that the electricmagnetic duality underlying nonperturbative String/M theory is inherently eleven dimensional. It is remarkable that the smoking gun for this insight can be found in a weakly coupled perturbative type IIA string theory calculation using ordinary worldsheet methods. Having thereby discovered concrete evidence for the validity of this fundamental symmetry of the nonperturbative theory in a string theory: the global symmetries of the spacetime Lagrangians of perturbatively renormalizable string theories that emerge in its large N limits are already present in the matrix Lagrangian at finite N [8] . We should note some novel developments in the latticization of rigid SYM theories with 16 supercharges [71] , and with fermionic variables living on both links and sites.
hands-on, bottom-up, approach using the perturbative formalism, we can proceed with confidence to examine its top-down consequences starting from elegant first principles. We defer details of the worldsheet calculation to the references [16, 17, 18, 19, 20] , and only outline the basic result in what follows.
Consider the anomaly-free and perturbatively renormalizable weakly coupled 10d type IIA string theory in the background with 32 D8branes. One of the two supersymmetries of the IIA string has been broken by the presence of orientifold planes at X 9 =0, and X 9 =R 9 , and a T-duality transformation maps this background to an analogous background with 32 D9branes of the 10d type IIB string theory. The stack of coincident Dpbranes lies on a single orientifold plane, and carries worldvolume Yang-Mills gauge fields with gauge group SO (32) . At finite string coupling, an eleventh target space "dimension" emerges, corresponding to the vacuum expectation value of the scalar dilaton field [14] . Consider the following gedanken experiment in the strongly coupled IIA string theory: 4 we evaluate the pair correlation function of a pair of spatially separated Wilson loops wrapping the eleventh dimension. The limit of pointlike loops, and large spatial separation, corresponds to taking R 11 →0, and hence we recover a result in ten-dimensional type IIA supergravity. Our thought experiment must, therefore, have a precise analog in the factorization limit of a suitable weakly coupled perturbative type IIA string amplitude with the worldsheet topology of an annulus. The relevant computation is as follows: consider the Polyakov path integral summing over worldsurfaces with the topology of an annulus, and with Dirichlet boundary conditions on all ten embedding target space dimensions. We will require further that the boundaries are mapped to a pair of given pointlike loops, C i , C f , spatially separated by a distance R in the X 8 direction, lying within the worldvolume of the stack of 32 coincident D8branes on an O8 plane. This augmented boundary value problem for embedded Riemann surfaces with the topology of an annulus is the precise supersymmetric type IIA analog of a computation carried out in 1986 by Cohen, Moore, Nelson, and Polchinski [16] for the bosonic string theory: the off-shell closed string tree propagator between pointlike loops. An analysis of the type IIA macroscopic loop amplitude appears in a paper by myself and Novak [18] . The factorization limit of this amplitude with pointlike loops yields the long-range interaction of a pair of supergravity sources, and the result was found by me to be consistent with the tension of a Dirichlet (-2)brane [19] .
Notice that the Poincare dual of the D8brane in ten spacetime dimensions is a D(-2)brane. The field equations, and spacetime Lagrangian, for Roman's massive type IIA supergravity [12, 21] do, in fact, include a scalar field strength, F 0 , and the D(-2)brane can be identified as its source. Our worldsheet result therefore lays to rest any discrepancy in 10d electric-magnetic duality if we also accept that there are no consistent 10d superstring backgrounds with nonvanishing D9brane charge. A 9brane would be a supergravity source for an eleven-form field strength, so it is clearly not something expected in a ten-dimensional supergravity. From the perspective of the worldsheet calculation, notice that a Dirichlet boundary with 9+1 worldvolume coordinates is special: since the Dirichlet defect fills all of 10d spacetime, there is nowhere for the emanating "flux lines" to go except to probe an eleventh dimension. Thus, we must conclude that, strictly speaking, a D9brane with nonvanishing flux can only exist in the strongly coupled type IIA/M theory limit since it has an additional, eleventh embedding target space dimension. Happily, the magnetic dual of the D9brane in eleven dimensions is a D(-2)brane, so that the Dirichlet pbrane spectrum for which we have found evidence in the worldsheet formulation of the weakly coupled perturbative type II string theories, namely, −2 ≤ p ≤ 9, is consistent with the existence of an eleven dimensional electric-magnetic duality in the nonperturbative theory [19, 20] . It is remarkably fortuitous that a remnant of 11D electric-magnetic duality survives in the weakly coupled 10d limits. Both the electric D(-2)brane, and its magnetic D9brane dual, make an appearance in the standard worldsheet formalism of perturbative superstring theory. Does 11d electric-magnetic duality imply that nonperturbative String/M theory is necessarily a theory formulated in 11 target space dimensions? Surprisingly, the answer turns out to be No, a point that can be made from a variety of different perspectives [1, 6, 36, 8] . The matrix formulation for a theory of emergent spacetime proposed by us in [8] achieves precisely this objective: as many as eleven spacetime coordinates can emerge in the large N limits of what starts out as a zero-dimensional matrix Lagrangian with flavor U(N) symmetry. Electric-magnetic duality can be built into this formalism by specifying the extended symmetry algebra G s ×G×U(N), where G is the electric-magnetic self-dual Yang-Mills gauge group, and G s is the global symmetry algebra of the supergravity sector with both electric and magnetic dual potentials treated on equal footing [6, 36, 8] . It is the extended symmetry algebra that will determine the precise form of both the matrix Lagrangian, as well as the particular large N limits of interest [8] , an observation first made by us in [1] .
The Electric-Magnetic Dual Global Symmetry Algebra
In our earliest proposal of a matrix formulation of a theory of emergent spacetime [1] , we alluded to the existence of a hidden symmetry algebra in the matrix Lagrangian that was larger than the obvious U(N)×G. A particularly obvious indication of this fact was an SL(10, R) symmetry in our matrix Lagrangian, but we suspected that G s was much larger than SL(10; R) [1] . In particular, as the reader can guess from our discussion in the introduction, we would like G s to reflect the electric-magnetic duality of the pform gauge potentials in the supergravity sector. Of course, thus far we have only invoked the evidence from string perturbation theory for electric-magnetic duality in the Ramond-Ramond sector of the type II superstrings. Based on various disparate pieces of evidence from duality symmetries of the low energy field theory limit, should we not extend our conjecture to cover the pform potentials of the Neveu-Schwarz sector? And what is the evidence for electric-magnetic duality in the Yang-Mills gauge sector? All of these questions have bearing on the precise form of the extended symmetry algebra of the matrix Lagrangian, G s ×G×U(N) .
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From the perspective of Eguchi-Kawai planar reduction [9] , the SL(D; R) invariance of the zero-dimensional matrix Lagrangian in [1] can be immediately identified as a remnant of the D- 5 The anomaly-free ten-dimensional superstring theories are based on simply-laced gauge groups, which are electricmagnetic self-dual. But non-simply-laced groups also occur in the moduli spaces of string theories, and so G should, strictly speaking, be replaced by G×G * , where G * denotes the dual magnetic gauge group [53, 54, 60] . For simplylaced groups, G * coincides with G.
dimensional Lorentz invariance following the reduction of a higher dimensional field theory to a spacetime point. In [36, 8] , we realized that the field theory Lagrangians from which the class of matrix models to which [1] belongs are descended via some spacetime reduction prescritpion must have a huge global symmetry algebra. It turns out [8] that they are characterized by a U(N) flavor symmetry, a finite dimensional Yang-Mills gauge symmetry, as well as the hidden Cremmer-Julia symmetry of some higher dimensional supergravity theory [23] . The extended symmetry algebra of such matrix Lagrangians, and their derivation from a modification of the Eguchi-Kawai prescription for spacetime reduction from higher dimensional field theories, was explored in the recent paper [8] . We should emphasize that the higher dimensional field theory Lagrangian with its U(N) flavor symmetry is of no intrinsic physics interest to us; it is simply a convenient starting point from which to derive the matrix Lagrangian we desire. In particular, our prescription for spacetime reduction is not reversible; the myriad continuum field theories which will emerge from the double, or multiple, scaled large N limits of the zero-dimensional matrix Lagrangian are the physical theories of interest, and the unphysical U(N) flavor symmetry is thereby erased.
What form does G s take for the matrix Lagrangian with sixteen supercharges considered in [1] ? The significance of electric-magnetic duality in the appearance of the global symmetry algebras belonging to the Cremmer-Julia sequence has been studied in a series of recent works [23, 22, 24, 6] ; a review appears in [36] . 6 In particular, as has been clearly elucidated by West [6] , and in work with Schnakenburg [4, 5, 3] , the mapping of the global symmetry algebras of each of the ten, and eleven, dimensional supergravities with 32 supercharges to the single rank eleven Lorentzian Kac-Moody algebra, E 11 , relies upon the inclusion of both electric and magnetic potentials among the generators of the algebra. Thus, without manifest electric-magnetic duality, this remarkable algebraic unification of the theories with 32 supercharges would not hold. E 11 is, of course, the termination of the {E 11−n } Cremmer-Julia sequence of hidden symmetry groups characterizing the dimensional reductions of 11d supergravity to n dimensions [23] , with n=0, and the result is no longer a field theory, but a zero-dimensional matrix model. In practice, the procedure of field-theoretic dimensional reduction is ill-defined in two dimensions and below. 7 We should emphasize that West's recent identification of E 11 as the symmetry algebra of theories with 32 supercharges in [6] does not rely on dimensional reduction, nor on the usual dualization of dimensionally-reduced fields followed by a mapping to a non-linear realization in order to identify the exponentiated group element as belonging to some known algebra. This traditional methodology [23, 24] would not work anyhow for reductions to below three dimensions. West's new methodology for uncovering an E 11 symmetry in theories with 32 supercharges is reviewed by us in [36] . We will apply it in the context of theories with 16 supercharges in what follows below.
Neither can the reduction of a higher dimensional field theory to a spacetime point a la EguchiKawai result in a zero-dimensional matrix model preserving the symmetries of the Einstein supergravities, a distinction clarified in our recent paper [8] . Two significant changes are required in order 6 A different, and very beautiful, direction of research on electric-magnetic duality has explored the relationship to K theory, and to theories with generalized cohomology [25, 26] . The algebra of BPS states has also been explored in [41] . 7 For a review of the subtleties which originate in the ambiguity in dualizing a gauge field in less than three dimensions, we refer the reader to the discussions in [22, 23, 24, 36] , which include citations to the original literature.
to derive the zero-dimensional matrix Lagrangian proposed by us in [1] from a higher dimensional field theory by spacetime reduction. First, we must begin with a higher-dimensional supergravityYang-Mills Lagrangian with large N flavor symmetry. It is essential that the gravitational zehnbein and the Yang-Mills potential live in identical N×N representations of the U(N), thereby ensuring that the extended symmetry algebra of the matrix Lagrangian takes the direct product form: U(N)×G×G s . Supersymmetry commutes with this algebra, with the fermionic superpartners living in identical U(N) representations. Note that this is also the global symmetry algebra of the higher dimensional field theory, except that there we can distinguish U(N) as a flavor symmetry, G as a Yang-Mills gauge symmetry, and G s as the global symmetry algebra of the supergravity sector. Next, we must modify the Eguchi-Kawai prescription which simply drops all space and time derivatives in the reduction of the field theory to a single point in spacetime. In our spacetime reduction prescription, we instead replace all fields by linearized Taylor expansions about the origin of the local tangent space at a single point in the spacetime manifold. This preserves, in particular, the notion of a first order partial derivative in the local tangent space, allowing us to assign U(N) matrix-valued definitions to both the spacetime coordinates, and spacetime derivatives, consistent with the basic rules of differential geometry. The N×N matrix variables, {E a µ , E µ a ; φ}, with µ, a = 0, · · ·, 9, encapsulate the basic information on the emergent spacetime geometries. In the large N limit, as many as ten, or eleven, upon including the dilaton scalar mode, noncompact coordinates, and coordinate derivatives, can emerge from the diagonalized eigenvalue configurations of this basis of matrix variables. Details can be found in the references [1, 36, 8] .
We emphasize that without a prescription to build an emergent coordinate derivative in the large N limit, it is not possible for the full G s supergravity symmetry to emerge from a given matrix Lagrangian. Nor would we have the requisite tools to build up emergent curved spacetime geometries in the large N limit. The difficulties in reconstructing the full nonlinear gravitational interaction of the Einstein action, beyond the nonrelativistic Newtonian potential, and of incorporating curved spacetime backgrounds in addition to flat spacetime, were two of the major obstacles to making progress on the M(atrix) theory conjecture [32, 33, 34] .
What is the precise form of G s for the matrix Lagrangian proposed in [1, 8] ? The question can be addressed by using a recent work of West and Schnakenburg [6] , where the global symmetry algebra of the N=1 d=10 chiral supergravity has been analyzed. Recall that the 10d chiral supergravity with sixteen supercharges is, a priori, an anomalous field theory, but it can be self-consistently coupled to Yang-Mills gauge fields in order to achieve anomaly cancellation. The gauge, gravitational, and mixed, anomaly-free choices of gauge group are E 8 ×E 8 and SO (32) , and these are the 10d supergravity-Yang-Mills theories appearing in the low energy limits of the heterotic and type I superstring theories [30] . The matrix Lagrangian in [1] was proposed by us as a nonperturbative formulation of these perturbatively renormalizable and anomaly-free superstring theories.
Restricting to the fields in the 10d N=1 chiral supergravity sector alone, and using the notation of [6] , we have the following symmetry generators:
The supergravity sector contains a zero-form dilaton and an antisymmetric two-form potential, in addition to their 10d Poincare-Hodge duals: respectively, the magnetic dual eight-form, and six-form, gauge potentials. The K a b are the generators of GL(10, R); linear combinations of these generators can be shown to span the 10d Lorentz algebra [6] . The commutator algebra of the generators in Eq. (2) was analyzed in [3] . It takes the form:
plus the simplified algebra of 0, 2, 6, and 8-form generators:
The numerical values of the coefficients can be computed directly by requiring self-consistency with the Jacobi identities, and the equations of motion, as shown in [6] . A useful self-consistency check on this algebra was performed by us in [36] . We showed that the coefficients obtained in [6] agree precisely with those inferred from a chirality projection on the global symmetry algebra of the type IIB chiral 10d supergravity obtained in [5] . Setting to zero the extra forms removed by the chirality projection in Eqs. (1.1-1.3) of the latter reference, we found that the remnant non-vanishing structure constants take the simple form [36] :
The self-consistency of the global symmetry algebras is a low energy reflection of the well-known connection between the 10d type IB, and type IIB, superstring theories, following the orientation projection to the symmetric combination of left-moving and right-moving modes on the worldsheet of the type IIB superstring [30] : the orientifold plane breaks half the supersymmetries of the type IIB theory, giving a chiral N=1 supergravity with graviton-dilaton multiplet, and an antisymmetric two-form potential in the Ramond-Ramond sector. Up to field redefinitions, and rescalings of the couplings, this supergravity matches with that obtained in the low energy limit of the 10d heterotic superstring. It should be noted that the two-form potential now appears, instead, in the NeveuSchwarz sector [30] . Finally, unlike the heterotic string, the type IB string can accommodate additional Ramond sector background fields, but a precise correspondence can be found between the mass spectrum and couplings of the two superstring theories in all of the backgrounds with sixteen supercharges [19] , as we will describe later in this paper.
How does the global symmetry algebra of the 10d heterotic-type I chiral supergravity, G IB , relate to the symmetry algebra of theories with 32 supercharges? From our demonstration above, it is clear that G IB ∈ G IIB . West has shown [6] that the global symmetry algebras of each of the ten, and eleven, dimensional supergravities with 32 supercharges can be mapped to the single rank eleven Lorentzian Kac-Moody algebra E 11 . This algebra is also known as the rank 11 very-extension of the compact Lie algebra E 8 , denoted as E
8 , where the superscript signifies the extension of the Dynkin diagram of E 8 by three nodes: affine, over, and very. The explicit construction, and some simpler aspects of the representation theory, of very-extended algebras can be found in [7] . If we compare the generators and commutation rules of G IB with the standard Chevalley basis for the very-extended algebra E (3) 8 , written in either its IIA or IIB guises as shown in [6] , we find that we are missing some of the positive root generators in either formulation. We have all of the generators, E a =K a a+1 , a=1, · · ·, 9, of GL(10, R). In the IIA formulation, given in Eq. (4.4) of [6] , we are missing the roots corresponding to the R-R one-form, and NS-NS twoform, namely, E 10 =R 10 , and E 11 =R 910 . In the IIB formulation, we are missing the roots labelled E 9 =R 910 1 , and E 10 =R 2 , arising, respectively, from the NS-NS two-form potential, and R-R scalar. It is clear we cannot build a full E 11 =E (3) 8 algebra from the restricted set of generators in G IB . In [3] , it was pointed out that a different rank eleven very-extended algebra, namely, the veryextension of the D 8 compact subalgebra of E 8 , can be spanned by the generators of G IB . The authors of [3] identify the isomorphism E a =K a a+1 , a=1, · · ·, 9, E 10 =R 910 , and E 11 =R 5678910 . This choice of simple roots can be shown to generate the very-extended algebra D
8 . It should be noted that the two-form and six-form potentials are Poincare-Hodge duals in ten dimensions, and the isomorphism identified in [3] includes both in the simple root basis for D 11 . It is interesting that this differs in spirit from the isomorphisms mapping, respectively, G IIA , G mIIA , G IIB , or G 11 , to the Chevalley basis of E (3) 8 [6] ; neither employs a pair of electric and magnetic dual potentials within the simple root basis. Moreover, the generators of the rank eleven very-extension of D 8 appears to encapsulate the basic physical content of the supergravity sector of renormalizable superstring theories remarkably well: the graviton, the scalar dilaton and antisymmetric two-form potentials, plus their 10D Poincare-Hodge duals. We find the isomorphism of G IB to the rank eleven algebra D 11 , discovered in section 1 of [3] , to be remarkably compelling, and also aesthetically pleasing.
The 10d N=1 chiral supergravity is, of course, anomalous, and must be extended by a Yang-Mills sector with suuitable nonabelian gauge group in order to achieve consistency as a quantum theory. This requires inclusion of the massive Kalb-Ramond term in the 10d effective action, at leading order in m s ) corrections present in the target spacetime Lagrangian of the heterotic, or type I, superstring theories, where the mass scale, m s = α ′−1/2 , is the tension of the fundamental closed string [30] , implements the beautiful phenomenon of perturbative renormalizability in these theories. The precise form of the target spacetime Lagrangian of the heterotic string theory, inclusive of terms up to fourth order in the α ′ expansion, has been derived by Bergshoeff and de Roo in [2] . What is the global symmetry algebra of the leading terms in the α ′ expansion of this Lagrangian? The leading terms correspond to those in the 10d N=1 EinsteinYang-Mills Lagrangian, and these can be obtained by the Noether method [37] , checking invariance under local Lorentz and Yang-Mills gauge transformations, in addition to local supersymmetry transformations. The spacetime Lagrangian of the perturbative ten-dimensional N=1 superstring theories has been shown to have dual, two-form and six-form, formulations [2] , evidence for at least a partial electric-magnetic duality in the nonperturbative superstring theory which shares the same low energy limit. In addition, the type IB-heterotic strong-weak coupling duality conjecture maps the D5branes of the type I string to the NS5branes of the heterotic string [69, 70] . Thus, string ground states with eight supercharges have given significant evidence and physical insight into the dynamics of heterotic fivebranes. Notice that the perturbative mass spectrum of the heterotic string only contains the massless scalar dilaton and antisymmetric two-tensor potential, both arising in the Neveu-Schwarz sector. From the perspective of the type IB superstring, the dilaton arises in the Neveu-Schwarz sector, while the antisymmetric two-form is in the Ramond sector.
Thus, although the perturbative string mass spectrum has only given us the electric potentials of this theory, a full electric-magnetic duality in the spectrum of supergravity potentials in the nonperturbative theory would imply the global symmetry algebra D 11 ×G, where G is the anomalyfree Yang-Mills group, respectively, E 8 ×E 8 or SO (32) . There is at least partial evidence that the spacetime Lagrangian of this theory admits both electric, and dual magnetic, formulations. Passing between the twoform and sixform formulations involves a simple set of field redefinitions, and relations between couplings [2, 37] , and preliminary evidence has been given for a dual graviton formulation of the kinetic terms in the bosonic sector of 11d supergravity [4] . Thus, we can conjecture that the extended symmetry algebra underlying the matrix formulation for the nonperturbative type I-I ′ -heterotic string theories in [1, 8] takes the form D 11 ×G×U(N). In the next two sections, we will see how the emergent spacetime backgrounds accessible as large N limits of the matrix Lagrangian in [?] gives rise to a large class of anomaly-free type I, type II, and heterotic string backgrounds in diverse spacetime dimensions, d ≤ 10, all of which preserve sixteen supercharges, and also correspond to perturbatively renormalizable superstring theories. Our discussion will give rise to a natural question one could frame much more broadly: should a nonperturbative formulation for String/M theory be electric-magnetic duality covariant, or merely duality invariant?
Moduli Spaces of CHL Strings & Generalizations
The heterotic and type IB string theories with gauge group SO(32) are related by a strong-weak coupling duality transformation in ten dimensions [63] . The strong coupling limit of the 10d E 8 ×E 8 heterotic string is, instead, conjectured to be eleven-dimensional M theory compactified on S 1 /Z 2 [14, 64] . We will begin this section by explaining the nature of the moduli spaces of perturbatively renormalizable string ground states with sixteen supersymmetries, obtained by either toroidal and supersymmetry-preserving orbifold (CHL) compactifications [43, 54, 60, 62, 19] , or asymmetric orbifold and K3 compactification [45, 56, 62] of, respectively, heterotic and type I, or type IIA and type IIB, superstring theories. The generic moduli space in either case is of CHL type [60, 62, 67, 68] . We will conclude by describing the disconnectedness of the moduli spaces of renormalizable string theories with sixteen supercharges, and its implications for low energy physics. In the next section, we will explain how disconnected components of the moduli space in diverse spacetime dimensions d < 10 can emerge from the different large N limits of a single matrix Lagrangian [1, 8] , thus providing a unifying framework for all of the perturbatively renormalizable theories with sixteen supercharges.
Moduli Spaces of Heterotic-Type I-Type II CHL Strings
We will find it helpful to begin by considering the target spacetime and strong-weak coupling dualities that relate the circle-compactified type I and heterotic string theories in nine dimensions and below. The reason is that, in nine dimensions, the two heterotic string theories share a common moduli space and one can smoothly interpolate between ground states with enhanced gauge symmetry SO(32), SO(16)×SO (16) , and E 8 ×E 8 , respectively, by turning on an appropriate Wilson line wrapping the spatial coordinate X 9 [43, 44] : the two heterotic string theories are related by a T-duality transformation on X 9 . Likewise, the type IB string theory with 32 D9branes and SO(32) gauge fields can be mapped by a T-duality on X 9 to the type I ′ string theory with 32 D8branes and identical gauge group. The strong coupling limit of the latter theory is M theory compactified on S 1 ×S 1 /Z 2 , with nonabelian gauge fields on the domain walls bounding the interval. It should be noted that this strong-weak duality has been conjectured for type I ′ ground states with either gauge group SO(16)×SO (16), or with the extension to a full E 8 ×E 8 . The latter is a nonperturbative type I ′ background: it contains a pair of D0branes, in addition to the 16 D8branes on each of two orientifold O8-plane, a brane-configuration that can preserve all of the supersymmetries of the type I ′ string [65, 30, 19] . The crucial massless gauge bosons in the spinor representation of SO(16)×SO(16) necessary for the enhancement to E 8 ×E 8 appear as follows. Consider the step-wise change in the background value of the Ramond-Ramond zero form field strength, F 0 , associated with the creation of a fundamental string [65] when a D0brane, and image, threads the stack of 8 D8branes, plus image-branes, at either orientifold O8-plane. The change in Ramond Ramond zero-form flux at each crossing can take either sign ±, and the absence of dilaton gradients requires that the net change including that at both orientifold-planes, is zero. It is easy to verify that the 128 states in the spinor of O(16) correspond to the distinct sequences of changes in the zero form flux at either O8-plane that can satisfy this condition. Notice the isomorphism with the standard parameterization of the E 8 momentum lattice in the heterotic string [28, 30] : denote the sequence of changes in zero form flux at an O8-plane by a vector as follows, (±, ±, ±, ±, ±, ±, ±, ±), including all sequences with an even number of minus signs, 2+56 +70, and with the compensating sequence at the other O8-plane [19] . As was emphasized by us in [19] , since the SO(32) and E 8 ×E 8 heterotic string ground states are continuously connected in nine dimensions and below, self-consistency with the strong-weak coupling duality relation linking heterotic and type IB SO(32) strings in ten dimensions, requires an enhanced symmetry point in nine dimensions with E 8 ×E 8 gauge fields in the type I-I ′ moduli space. The spectrum of nonperturbative D0-D8brane massless strings described in detail in our paper [19] resolves this puzzle.
In other words, once we work in nine dimensions, enabling the use of T 9 target space duality transformations and interpolating Wilson line backgrounds, the equivalence between the type IB-I ′ and heterotic O-E formulations becomes transparent: they are simply alternative worldsheet descriptions of identical target spacetime physics. Namely, the weak and strong coupling behavior of perturbatively renormalizable and anomaly-free theories with sixteen supercharges, and nonabelian gauge groups SO(32), SO(16)×SO (16), or E 8 ×E 8 . It should be emphasized that the strong-weak coupling duality relating the type IB and heterotic string theories in ten dimensions, with SO(32) gauge group, holds for the entire spectrum of massive string modes, not merely the massless fields [19] . The massive mode spectrum of the type I ′ ground states with D0-D8brane configurations is best described by developing the isomorphism to the heterotic momentum lattice; for details, the reader can consult [19] .
Are there any additional string theories with sixteen supercharges in dimensions d ≤ 9 that are also perturbatively renormalizable? The answer is Yes, and the original examples are the heterotic CHL strings [54, 60] . These are supersymmetry preserving orbifolds of the toroidally compactified heterotic string theories in dimensions less than ten, and we will find that they shed further light on the nature of electric-magnetic duality in String/M theory. The simplest example, in nine dimensions, is obtained by modding out by the automorphism that exchanges the two E 8 lattices, accompanied by a translation by half of the lattice momentum vector, p 9 [60] . The projection is to the states in the (17, 1) dimensional momentum lattice that are symmetric under the interchange of the two E 8 lattices. The gauge symmetry is E 8 ×U (1), and tuning the radius of X 9 can result in the usual enhancement of the abelian factor to an SU(2). Compactification enables symmetry breaking Wilson lines, and in eight dimensions we find the appearance of the rank ten non-simply-laced gauge group, Sp(20) [54, 60] . Non-simply-laced Yang-Mills groups, with both long and short simple roots, are interesting from the perspective of electric-magnetic duality, since a duality transformation also interchanges the gauge group with its dual gauge group: Sp(2n) with SO(2n + 1) [53] . It can be shown that the largest SO(2n + 1) gauge group that appears in the eight-dimensional CHL moduli space containing the Sp(20) enhanced symmetry point is only an SO(5) [60] . Thus, the required dual SO(21) enhanced symmetry point is absent from its moduli space; electric and magnetic gauge charges do not appear symmetrically in this theory. Remarkably, it turns out that the nonabelian gauge sector in the generic CHL moduli space in spacetime dimensions other than four does not display manifest electric-magnetic duality. Notice that this is a precise analog of electric-magnetic duality in the supergravity sector of either toroidal or CHL compactifications: in generic spacetime dimensions, the electric two-form potential is always present in the perturbative string mass spectrum, while the dual six-form is not. It is only in four spacetime dimensions that manifest electric-magnetic duality is restored, and it takes the form of S-duality invariance in the low energy N=4 supergravity-Yang-Mills theory [13] .
Recall that for the simply-laced gauge groups characterizing the enhanced symmetry points of toroidal compactifications [43] , the dual magnetic charges appear in the irreducible weight lattices of the same gauge group. Thus, electric-magnetic duality of the gauge charges holds point-by-point for the toroidally compactified theories: they are self-dual, from the perspective of the N=4 Yang-Mills sector. Since the presence of the irreducible weight lattices in the Lorentzian momentum lattice was anyhow necessitated by the requirement of modular invariance-thereby ensuring perturbative renormalizability and finiteness, the lattice must contain both the electric and magnetic dual charges of the gauge group, and this property has to hold in every spacetime dimension. In other words, the accidental appearance of electric-magnetic duality in the gauge sector of the toroidally compactified heterotic string in generic dimensions is a red herring: electric-magnetic duality becomes manifest in both the the supergravity and Yang-Mills gauge sectors only in four spacetime dimensions.
The distinction between duality in supergravity and gauge sectors is therefore clarified by examining the generic CHL moduli spaces, which include enhanced symmetry points with both simplylaced, and non-simply-laced, gauge groups. Since the irreducible highest weight lattices required by modular invariance no longer coincide with the dual "magnetic" charges which are weight vectors for the dual gauge group, we can clearly distinguish modular invariance from electric-magnetic duality. It is only in four dimensions that enhanced symmetry points with non-simply-laced gauge groups appear in electric-magnetic dual pairs within the same moduli space, an intriguing discovery made in the paper of Chaudhuri and Polchinski [60] . The root lattices of both electric and magnetic dual groups are accompanied by their respective irreducible highest weight lattices, as is required by modular invariance. As a consequence, the spectrum of dual electric and magnetic gauge charges are present at different enhanced symmetry points, but lying within the same moduli space in the four dimensional N=4 string theories. We find it compelling that this mirrors the appearance of electric-magnetic duality in the supergravity sector in only four spacetime dimensions: magnetic fivebranes wrapped on a six-torus, and coupling to the six-form potential, can appear among the conserved charges in the heterotic string momentum lattice [13] .
We should emphasize that the CHL moduli spaces describe perturbatively renormalizable het-erotic string theories that have all of the appealing features of the 10d E 8 ×E 8 and Spin(32)/Z 2 theories. Their self-consistency is especially transparent in the abelian orbifold construction given in [62] , generalizing the case of the Z 2 orbifold described above [60] . The basic idea is to mod out by the Z n symmetry present at any point in the Narain moduli space where n identical copies of a component root-lattice appear as a subspace of the (16+d,d) Lorentzian self-dual lattice, accompanied by a translation in the (d,d) momentum lattice. For the details, the reader can consult [62, 67] . More complicated examples can be found in [68] , as well as additional type I and type II analogs, usually constructed by invoking strong-weak effective dualities. The analog of the abelian Z n symmetry in type I and type I ′ string theories, pointed out by us in [19] , is the symmetry under interchange of n stacks of coincident Dpbranes, with each stack carrying identical worldvolume nonabelian gauge group. The result will be a disconnected component of the type IB moduli space with sixteen supercharges. These are the type IB string duals of the CHL models [19] , further evidence of self-consistency with the type I/heterotic strong-weak coupling duality conjecture. We should emphasize that, as in the toroidal compactifications to d < 10 dimensions, the equivalence of the heterotic and type I supersymmetry-preserving orbifold (CHL) compactifications holds at the level of the full string massive mode spectrum, not only the lowest lying field theoretic modes. These are two different worldsheet descriptions of identical target spacetime physics: a perturbatively renormalizable theory of sixteen supercharges in d < 10 spacetime dimensions, with an anomaly-free Yang-Mills gauge group containing 16 − r + (10 − d) abelian gauge bosons. The integer r can vary from 8 to a full 26 − d in four dimensions [54, 62] .
How does this picture extend to generic type IIA, type IIB, and M theory compactifications preserving sixteen supercharges? Since these theories have 32 supercharges, we are interested in compactification on spaces with SU(2) holonomy, and the only nontrivial Calabi-Yau manifold in this class is K3, of complex dimension two. A simpler possibility enabling precise analysis is asymmetric toroidal orbifold compactification, and we will begin our discussion with this case. Recall that M theory compactified on a Z 2 orbifold gives an anomalous 10d theory [64] , and the non-anomalous and, perturbatively renormalizable, extension is nothing but the E 8 ×E 8 heterotic string in ten dimensions [14, 64] . In dimensions 9 ≤ d ≤ 7, any attempt to break half of the supersymmetries of the type II superstrings by asymmetric orbifold compactification without the introduction of Dbranes, runs into a clash with modular invariance: the modular invariant default is a nonsupersymmetric type 0A or type 0B vacuum, which also happens to be tachyonic [30, 52] . Ferrara and Kounnas [45, 51] studied an analogous problem, demonstrating the existence of perturbatively renormalizable type II ground states in four dimensions preserving N = 8, 6, 5, 4, or 3 of the supersymmetries of the toroidally compactified type II superstrings on a six-torus. In particular, they showed that the 4d N = 4 type II modular invariants preserve either N = (2 L , 2 R ), or N = (4 L , 0), of the N = (4 L , 4 R ) supersymmetries of the toroidally compactified type II superstrings. How should we interpret these 4d ground states? As regards the supergravity sector alone, the former can be identified as a chiral type IB projection of the IIB string theory, projecting to the symmetric linear combination of left and right moving worldsheet modes. The latter is a heterotic chiral projection of the type IIA string, singling out the massless gravitinos from the right moving world sheet superconformal field theory alone [45, 52] . Either class of N = 4 ground state can contain massless Yang-Mills gauge fields, and the number of abelian multiplets in the low energy gauge theory is a useful hint towards deducing the precise orbifold projections that led to each such ground state.
It should be emphasized that since care has been taken to preserve modular invariance in the type II asymmetric orbifold ground states of [45, 51] , they are likely to describe perturbatively renormalizable 4d theories with sixteen supercharges, analogous to the heterotic and type I CHL strings described above. A word on nomenclature: the heterotic CHL asymmetric orbifold "compactifications" are projections on the Hilbert space of the toroidally compactified heterotic string, that also preserve the supersymmetries of the parent string theory. The "asymmetric type II orbifold compactifications" of Ferrara and Kounnas [45] , and also Lewellen et al [51] , with 4d N = 4 supersymmetry, are a closer, lower-dimensional analog of the 10d chiral projections on the Hilbert spaces of the type IIB and type IIA superstrings that gave, respectively, the type IB and heterotic string theories with only half the number of supersymmetries [30, 52] . Notice that, while either chiral projection yields an anomalous N = 1 theory in ten dimensions, necessitating the addition of Yang-Mills gauge fields with gauge group E 8 ×E 8 or Spin(32)/Z 2 , toroidal compactification to four dimensions followed by the identical chiral projections directly give self-consistent N = 4 string ground states. The Yang-Mills gauge fields in [45, 51] arise from massless type II closed string Kaluza-Klein or closed string winding modes. A further supersymmetry preserving (CHL) orbifold of such a toroidal compactification can lead to new ground states with a Yang-Mills sector containing fewer abelian multiplets. The 4d N = (4 L , 0) ground states in the analysis of [45, 51] have gauge group [SO(3)] 6 , SU (4)×SO (3), or SU (3)×SO (5), with maximal rank six, precisely as expected for heterotic compactification on a six-torus in the absence of the ten-dimensional rank 16 gauge group. We emphasize that unlike the Narain, or CHL, compactifications [43, 54, 60] , these 4d theories "decompactify" self-consistently to the toroidally compactified type II theory, with twice as many supersymmetries in six thru ten dimensions, and no Yang-Mills gauge fields. The 4d (2 L , 2 R ) ground states can have even larger rank gauge groups, since massless gauge bosons can arise from both the compactified left, and right-moving, conformal field theories. Ref. [[45] ] finds 4d N = 4 ground states with gauge groups of rank 22, 14, 10, 6, and 2. The latter four cases are likely to correspond to supersymmetry preserving (CHL) orbifolds of the Hilbert space of the ground state with 22 abelian multiplets. In 6d, the analogous maximal rank gauge group obtained in [45] was rank 20. The scalars of the maximal rank N = 4 ground state in [45] parameterize the manifold [SU(1, 1)/U(1)]×[SO (6, 22 )/SO(6) × SO (22)], precisely as in 4d toroidal compactifications of the SO(32) type IB-heterotic string theory.
It would be nice to have a systematic classification of the asymmetric toroidal orbifolds of the type IIA and type IIB superstring theories in every dimension 2 ≤ d ≤ 9, for theories with 32, 16, and 12 supercharges. For example, based on our discussion here, it is apparent that enhanced symmetry points with non-simply laced gauge symmetry must exist in the type II moduli spaces. It would be nice to have a classification of the enhanced gauge symmetry points in each dimension, and to verify the appearance of S-duality in every 4d N = 4 case. Finally, we strongly believe it likely that the generic 4d moduli spaces with N ≤ 4 will be precisely isomorphic to the CHL toroidal orbifolds of the heterotic/type I string theories described earlier. Recall that the type IIA and type IIB string theories have, in addition, Ramond-Ramond sectors with pform gauge potentials in the supergravity sector apparently an alternative route for the construction of ground states with sixteen supercharges instead of orbifolding. However, the absence of Ramond-Ramond sector tadpoles leaves the possibilities severely constrained. The introduction of a Dpbrane in any toroidal type II compactification breaks exactly half the supersymmetries, for any p, and consistency requires that we introduce 32 of them in order for the cancellation of Ramond-Ramond sector tadpoles [15, 30, 52] . In nine dimensions, this simply gives the standard O(32) type IB, and T-dual type IA, backgrounds with, respectively, 32 D9branes or 32 D8branes. An intersecting brane configuration of (p,p-8) branes preserves all of the supersymmetries so, as explained before, we can also construct a type I ′ background with D0-D8branes and E 8 ×E 8 gauge group [19] . Finally, a sequence of p T-dualities can map the background with 32 D9branes to flat space backgrounds with p transverse bulk coordinates, and 10 − p longitudinal worldvolume coordinates, and we have a perturbatively renormalizable ground state with 16 supersymmetries and O(32) D(9-p)brane worldvolume gauge fields. The introduction of Wilson lines enables supersymmetry preserving CHL orbifold compactification, giving the generic type I or type I ′ ground state with sixteen supersymmetries. Thus, to reiterate the general theme of this section, we conclude that the perturbatively renormalizable type I, type II, or heterotic, string ground states with sixteen supersymmetries, in nine dimensions and below, are simply alternative worldsheet conformal field theory descriptions of identical target spacetime physics.
To drive home this point, it is helpful to consider what additional insight might be gained from the study of type II string compactification on smooth K3 surfaces? SU(2) holonomy implies that we have a theory with sixteen supersymmetries, and the massless scalars of the non-chiral N = 2 supergravity in six dimensions parameterize a space that is locally equivalent to [SO (20, 24 . The 6d (1 L , 1 R ) orbifold compactifications of [45] with nonabelian gauge symmetry correspond to special points in the moduli space of quantum K3 surfaces where, upon tuning the (3,19)-components of the so-called "B" field to particular values, the type IIA string can acquire a variety of enhanced gauge symmetries [56, 57] : the corresponding classical K3 surface has an orbifold quotient singularity that falls within an A-D-E classification, and the role of the B-field is crucial in its quantum resolution. For details, the reader can consult the papers by Aspinwall and Morrison [56, 57] , which include an exposition of the remarkable fact that even the global structure of the moduli space of the type II string compactified on K3 agrees precisely with that of the heterotic string compactified on a four-torus. This fact underlies the extensive exploration of a heterotic-type IIA string-string strong-weak effective duality in six dimensions [61, 66, 62, 67, 68, 57] . The detailed encoding of the precise geometric data required to specify a quantum K3 surface is beautifully captured by the (4,20)-dimensional Lorentzian self-dual lattice that also specifies the background fields of a heterotic toroidal compactification [43, 56, 57] . This isomorphism enabled us [62] to identify the precise supersymmetry preserving CHL orbifold action on the cohomology lattice that gives a new moduli space of quantum K3 surfaces of smaller dimension. The exhaustive classification of such symplectic automorphisms of the cohomology lattice of K3 surfaces due to Nikulin [58] , and Mukai [59] , in particular, provides a detailed enumeration of the perturbatively renormalizable 4d N = 4 type I-type II-heterotic ground states that follow as orbifold projections of the ten-dimensional N = 1 superstrings. It would be interesting to complete the derivation of the modular invariant one-loop vacuum amplitude for the CHL orbifolds in the lattice representation. In both the CHL [54] and Ferrara-Kounnas [45] analysis, one-loop modular invariance has indeed been verified in the fermionic formulation, as was also done implicitly for the abelian Z n orbifolds of [60, 62] . But it is the explicit lattice representation analogous to [43] that provides the clearest insight in terms of the background fields at the crucial enhanced symmetry points, besides clarifying the isomorphism to quantum K3 geometry in the 6d cases. A preliminary analysis of the CHL momentum lattice by Mikhailov appears in [67] .
The Physical Interpretration of Disconnected Moduli Spaces
Let us now examine the (dis)connected nature of the moduli spaces of CHL strings with sixteen supersymmetries, and their generalizations. Recall that the number of abelian gauge multiplets cannot vary from point to point in the moduli space of a 4d N = 4 Yang-Mills theory; what varies from point to point is the enhanced gauge symmetry group. Thus, N = 4 supergravity-Yang-Mills theories with different numbers of abelian gauge multiplets necessarily belong to different moduli spaces [54, 60] . Should one interpret this fact as the existence of island universes in String/M theory: a vacuum landscape in which dynamics alone cannot be responsible for vacuum selection? After all, examples of disconnected heterotic CHL moduli spaces with only an N = 1 supersymmetry in four dimensions have also been studied in the literature [47, 48] , although not as systematically as those with extended supersymmetry.
We will now explain that the only way one can escape this disconcerting conclusion is if the dynamics responsible for vacuum selection cannot be self-consistently restricted to consideration of the massless low energy field theory limit alone: massive string-scale modes must enter in an essential way along any interpolating renormalization group trajectory that can connect a pair of points belonging, respectively, to two CHL moduli spaces having different numbers of abelian multiplets.
Consider some plausible interpolating renormalization group trajectories. Formally, we might begin by invoking the decompactification limit to ten dimensions without any change in the supersymmetries: the outer automorphism interchanging the two E 8 lattices becomes trivial in this limit, and we straightforwardly recover an additional 248 massless gauge bosons. A subsequent toroidal compactification completes the continuous interpolating path connecting a point in the CHL moduli space with some point in the moduli space of toroidal compactifications, via the tendimensional E 8 ×E 8 heterotic string ground state. Thus, a spontaneous decompactification to ten dimensions followed by a spontaneous re-compactification can indeed interpolate between a pair of (dis)connected CHL moduli spaces with different numbers of abelian multiplets. We emphasize that this is a genuinely stringy phenomenon, with a slew of modes with string scale masses descending into the massless field theory as we tune the compactification radius to its noncompact limit. As an alternative, recall that the spontaneous restoration of extended supersymmetry is known to occur in certain decompactification limits of the moduli space of 4d N = 2 heterotic string compactifications [46] : the modular invariant one loop vacuum amplitude of the freely acting orbifold in question is parameterized by the continuously varying, complex structure moduli and Kahler moduli of a six-torus, in addition to a constant background electromagnetic field. The equivalent N = 2 type I ′ ground state describes a braneworld with intersecting Dbranes at angles. The extended supersymmetry is restored in the limit that one of the cycles of the torus decompactifies [46] . Does this framework allow for continuous interpolations between the moduli space of toroidal compactifications of the heterotic string and a CHL moduli space with eight fewer abelian multiplets along a path that traverses a family of ground states with only eight supercharges, and in one lower spacetime dimension?
The problem with either of these proposals is that the interpolating trajectories are exactly marginal flows from the perspective of the 2d worldsheet renormalization group. Thus, there is no reason to expect the stringy ground state to "evolve" along such a trajectory in the absence of supersymmetry breaking with a consequent lifting of the vacuum degeneracy. In other words, if the supersymmetry breaking scale in Nature does turn out to be significantly lower than the string (Planck) scale, the stringy massive modes in the CHL moduli space will have genuinely decoupled from the low energy field theory limit, and there is no escaping the conclusion that the field theoretic dynamics of vacuum selection occurs in one of a multitude of disconnected, low energy Universes.
How does this phenomenon of (dis)connectedness manifest itself in generic type II compactifications on Calabi-Yau threefolds with background fluxes having N = 1 supersymmetry? The important point is that a background flux makes a string mass-scale sized contribution to the vacuum energy of the ground state. The Ramond-Ramond sector fluxes are certainly constrained by a Dirac quantization condition, and normalized in units of the string mass-scale as a consequence of the worldsheet calculation of the Dbrane tension [15] . But it should be noted that the string mass-scale itself depends on continuously varying background parameters. These can include both complex structure and Kahler moduli, background gauge and background supergravity pform fields, in addition to background gauge and supergravity fluxes. A discrete tuning of large numbers of fluxes might also be invoked to give a large suppression of the string mass-scale [50] . Unlike the CHL strings described above, all of these considerations are necessarily confined to the low energy spacetime Lagrangian in the α ′ expansion, and cannot address issues like perturbative renormalizability which requires precise knowledge of the full string mass spectrum on the background parameters. Instead, we have an approximate description of the string ground state as an effective field theory Lagrangian, with cut-off set by the string mass-scale.
As before, the general conclusion is the same: if the supersymmetry-breaking scale is clearly separated from the string mass-scale, the stringy massive modes have genuinely decoupled, and there is no escaping the conclusion that vacuum selection is more than dynamics, involving a discrete choice among disconnected moduli spaces. Or, one might assume these two mass scales to become comparable in magnitude, invoking only a discrete tuning of the numbers of background fluxes to infer the disconnectedness of the moduli spaces. But it should be noted that in this case the imperfectly known α ′ corrections are extremely important; it is difficult to see how one would carry out a reliable analysis of the effective field theory in such an isolated string moduli space.
Emergence of CHL Moduli Spaces from Matrix Theory
We will now explain that there is a much simpler, generic explanation for how a multitude of field theory Lagrangians with disconnected moduli spaces can emerge from the inequivalent large N limits of a single matrix Lagrangian [1, 8] . Moreover, this resolution is not dependent on making specific assumptions about the scale of supersymmetry breaking in Nature. It separates the problem of vacuum selection in the fundamental theory: namely, why is this particular large N limit singled out in the matrix Lagrangian, a question that will be answered by the quantum dynamics of finite N matrices, from the field theoretic supersymmetry breaking dynamics in the corresponding disconnected, low energy Universe. In other words, one need not necessarily invoke the Anthropic Principle [49] in order to justify one's choice of disconnected low energy Universe, since that choice was determined by the pre-continuum-space quantum theory of matrices [1, 8] .
The basic observation is as follows [8] . The matrix Lagrangian in [1] has the global symmetries of the 10d N = 1 chiral supergravity-Yang-Mills theory [2, 37] , which we will denote as G s ×G, in addition to the obvious U(N) flavor symmetry of the generic U(N) matrix model. As described in section 2, G s ×G can plausibly be made as large as D 11 ×G, depending on how much of the electric-magnetic duality can be made manifest in the Lagrangian itself. Given the range of potentials represented in the matrix Lagrangian, the large N limit allows for many inequivalent scalings, generalizing the two-parameter, (g s , N), double-scaling limit introduced for the c = 1 matrix models [10] . For the U(N) matrix Lagrangian with sixteen supersymmetries in [1, 8] , written in its "heterotic" two-form formulation, we have the following list of parameters to work with:
We have grouped together the "electric" potentials, namely, the scalar dilaton, graviton, antisymmetric two-form potential, and Yang-Mills vector potential, separate from the "electric" field strengths, thereby allowing for the possibility of background fluxes, in addition to background fields. Finally, there are the "magnetic" potentials, the dual eightform and sixform potentials, and corresponding field strengths. Their presence in the matrix Lagrangian is only implicit: the Lagrangian admits a duality transformation on the "electric" matrix variables. The existence of the dual sixform formulation is well-known [2, 37, 13] , and some preliminary evidence has been given for a dual graviton formulation of the 11d supergravity Lagrangian [4] .
The indices in the equation above run from 0 to 9. The N×N zehnbein matrix variables, (E µ a , E a µ ), encapsulate the data specifying the background target spacetime geometry. As many as ten continuum spacetime coordinates, and ten continuum spacetime coordinate derivatives, can emerge in the large N limit [8] . The respective scalings of the dilaton, and the zehnbein, with powers of N and m s = α ′−1/2 , are determined by requiring the canonical overall normalization for the 10d Einstein action, as well as the relative normalization of the kinetic term for the dilaton. Recall that the "type IB" and "heterotic" guises of the 10d N=1 spacetime Lagrangian are distinguished by the scaling of the Yang-Mills kinetic term relative to the Einstein kinetic term [14, 30] ; the Yang-Mills gauge fields appear in the open string sector in type IB, and g s = g 2 open . In addition, the antisymmetric two-form potential appears in the Ramond sector of type IB, and the kinetic terms for Ramond sector fields do not contain powers of [e φ ] [14, 30] . These two differences will determine the relative scalings for A a , B ab in the large N limits distinguishing type IB from heterotic. Scaling as would be appropriate for the 10d heterotic Lagrangian, implies one of two anomaly-free choices for the gauge group, SO(32) or E 8 ×E 8 . For the type IB scaling, we must instead choose the gauge group SO(32).
Let us move on to explaining the emergence of the toroidal backgrounds. Suppose we take the large N limit of the matrix Lagrangian, scaling (g s , E µ a , E a µ ) with the appropriate powers of N, m s to give the correctly normalized Einstein spacetime action in dimensions d < 10. For a toroidal compactification, the (Ē µ a ,Ē a µ ) will decompose naturally into noncompact, and compact, coordinates and coordinate derivatives. Notice that the decomposition of the remaining matrix variables into components carrying a noncompact, or compact, index, proceeds in precise analogy with how one constructs the dimensional reductions of the fields in a continuum spacetime Lagrangian [14, 23] . In particular, the T-duality symmetries that characterize the moduli space for a given compactification become manifest: associating with each compactification its T-duality group, we can identify the isomorphism between large N limits and moduli spaces. This prescription carries over naturally to the CHL moduli spaces [60, 62] : the projection on the massless mode spectrum identifies the necessary restrictions on the moduli space, thereby identifying a new large N limit in which certain components of the finite N matrix Lagrangian must be set to zero.
More generally, notice that the inequivalent multiple-scaled large N limits of the matrix Lagrangian are distinguished by the individual scalings of any combination of the background parameters with appropriate powers of N, and the string mass-scale, m s = α ′−1/2 , while taking N→∞. One final comment: if G is a non-simply-laced group, as will happen in the CHL moduli spaces, we must include the duality transformed vector potential of the magnetic dual group, A * , among the magnetic potentials listed in Eq. (6) . Setting α ′ to zero in the multiple-scaled large N matrix Lagrangian recovers the massless low energy field theory limit of some perturbative string ground state: this is by construction, since the matrix Lagrangian was determined by its global symmetries. We have conjectured that, as a consequence, the off-diagonal O(1/N) terms in the matrix Lagrangian for a particular choice of large N scaling will be isomorphic to the O(α ′ ) corrections in a corresponding perturbatively renormalizable ground state of string theory [8] . To anybody familiar with calculating the string massive mode spectrum, mass-level by mass-level, this conjecture should come as no surprise: the primary fields of the worldsheet conformal field theory appear in the low energy massless field theory limit, and their descendants fill in the tower of massive string modes. Thus, the algebraic symmetry structure that determines the massless field theory limit will also be replicated at each mass level. 8 This property is characteristic of the O(1/N) corrections to the large N limit of any matrix Lagrangian.
Conclusions
This paper has examined the question of how certain well-known properties of perturbative superstring theory vacua, such as the appearance of 4d electric-magnetic duality symmetries [13, 14, 30] and the disconnectedness of the 4d moduli spaces [54, 47, 50] , arise from the different multiplescaled, large N limits of a single matrix Lagrangian [1, 8] . The Lagrangian in [1] was proposed by us as a matrix formulation for nonperturbative type I-heterotic string theory. Spacetime itself, and the target spacetime Lagrangians of perturbatively renormalizable string theories with sixteen supercharges, emerge from the large N limits of this matrix Lagrangian [8] . The matrix Lagrangian in [1] shares the global symmetries of the chiral 10d N=1 supergravity-Yang-Mills theory, in addition to the obvious U(N) symmetry of a generic matrix model. The significance of the global symmetry algebra in determining what aspects of the electricmagnetic duality symmetries of string/M theory backgrounds in diverse spacetime dimensions should be made manifest in the matrix Lagrangian itself, is the general theme explored in sections 1 thru 3 of this paper. We reiterate the evidence from the worldsheet formalism of perturbative string theory for the eleven-dimensional electric-magnetic duality in the Ramond-Ramond sector of the type II superstring theories and Dpbrane spectrum [15, 19, 20] . If both electric and magnetic dual generators are included in the global symmetry algebra on equal footing, then, as shown by West and collaborators [6, 3] , the algebra extends to a rank eleven Lorentzian Kac-Moody algebra: E 11 for theories with 32 supercharges, and D 11 for the theories with sixteen supercharges. On the other hand, we know that electric-magnetic duality in the string moduli spaces with sixteen supercharges only becomes manifest in the four dimensional moduli spaces S-duality [2, 13, 60] . The precise role of the underlying eleven-dimensional electric-magnetic duality as it operates within the String/M Duality web, the associated algebras, and the question of whether we need a duality covariant, or merely a duality invariant, formulation for nonperturbative string/M theory, remain questions that will need further exploration.
A repeated theme in section 3 of this paper is the unity of the different superstring theories: alternative worldsheet descriptions, type I, type II, or heterotic, of identical target spacetime physics. Our discussion of the CHL moduli spaces reiterates this point, enlarging the original heterotic description to include both type I and type II perturbatively renormalizable backgrounds with sixteen supercharges [19] , also making contact with previous results of Ferrara and Kounnas [45] . These results go a long way towards establishing self-constency with the type I-heterotic-M strongweak coupling duality conjectures, in a multitude of disconnected moduli spaces, and in diverse spacetime dimensions. The nature of the disconnectedness of the CHL moduli spaces, and its physical interpretation, was discussed in section 3.3. In section 4, our discussion of the inequivalent large N scaling limits of the matrix Lagrangian clarifies that the existence of isolated low energy Universes in string theory need not be cause to invoke the Anthropic Principle. The choice of isolated low energy Universe is determined by the quantum dynamics of matrices in our pre-continuum-space formulation, in the form of the large N scaling limit.
The 1/N expansion of the matrix Lagrangian for any given choice of scalings has been conjectured by us to provide the systematics of the α ′ corrections to the massless low energy field theory limit in some renormalizable string ground state [8] . This last conjecture is extremely important to test: the conventional methods for computing the perturbative superstring S-matrix, thereby inferring higher order terms in the target spacetime Lagrangian, are cumbersome, although straightforward in principle [42, 30] . Thus, even in the exactly solvable flat spacetime backgrounds where the worldsheet formalism is extremely well-developed, it is difficult to write down precise expressions for terms at high order in the α ′ expansion. But the self-consistency of the exactly solvable worldsheet conformal field theory suffices to establish the existence of the perturbatively renormalizable allorders-in-α ′ spacetime Lagrangian. Moreover, if the supersymmetry breaking scale in Nature is far below the string mass scale, one does not need to invoke higher O(1/m s ) corrections for the purposes of doing low energy physics.
But at intermediate values of the string coupling, or in genuinely nonperturbative backgrounds of string theory where we do not have an exactly solvable worldsheet formulation, the tantalizing possibility that we might be able to both compute the higher corrections in α ′ , and also demonstrate renormalizablity, is intriguing, to say the least. Such a framework would open up the possibility of performing a theoretically well-justified, effective field theory analysis of the string spacetime Lagrangian in phenomenological scenarios where the field theoretic dynamics at the supersymmetry breaking scale is occurring in the vicinity of the string mass scale.
We should note that such a scenario also implies that an analysis of low energy astro-particlephysics phenomenology can be carried out with confidence in an isolated CHL moduli space [47, 48] . A technical aside: we have emphasized the value of the lattice representation of the CHL strings, the dependence of the full string mass spectrum on background parameters is explicit, providing much more information than is contained in the massless spectrum and description of the moduli space. The conformal field theory data for such a representation exists, but was not systematically pursued in the analyses to date of the N = 1 CHL strings [47, 48] . Thus, the CHL strings, and especially the N=1 moduli spaces, offer a wonderful opportunity to both do useful low energy physics, but also test our matrix conjecture for nonperturbative string/M theory. Even more remarkable, our matrix formulation suggests that this framework may hold for a larger class of string backgrounds, including certain Calabi-Yau compactifications, where the exact conformal field theory solution pertaining to the all-orders-in-α ′ target spacetime Lagrangian may thus far have been unavailable. Perhaps it can even be invoked to justify the theoretically sound underpinnings of a purely field theoretic analysis of the phenomenology of an isolated type II flux vacuum [50] , whenever a genuine perturbatively renormalizable theory exists within the generic space of Wilsonian RG flows.
